We prove some common fixed point theorems for left reversible and near-commutative semigroups in compact and complete metric spaces, respectively. As applications, we get the existence and uniqueness of solutions for a class of nonlinear Volterra integral equations.
Common fixed points for left reversible semigroups in compact metric spaces
Let F be a left reversible semigroup. We define a relation ≥ on F by a ≥ b if and only if a ∈ bF ∪ {b}. It is easy to verify that (F,≥) is a directed set. We need the following lemma for our main theorems.
Lemma 2.1. Let F be a left reversible semigroup of closed self-mappings in a compact metric space (X,d) and let
We now prove that f X is a compact subset of X for each f ∈ F. Let x be in X and {x n } n∈N ⊆ X with lim n→∞ f x n = x. The compactness of X ensures that there exists a subsequence {x nk } k∈N of {x n } n∈N such that it converges to some point t ∈ X. In view of closedness of f , we conclude immediately that x = f t ∈ f X. Therefore, f X is closed. That is, f X is compact. This means that A is compact.
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We next prove that
Since X is compact, we can choose two subnets {x fk } and {y fk } of {x f } and {y f }, respectively, such that x fk → x and y fk → y for some x, y ∈ X. For every g ∈ F and f k ≥ g, we get that x fk , y fk ∈ gX. By virtue of closedness of gX, we infer that x, y ∈ gX. This means that x, y ∈ A. Consequently,
Thus (i) follows from (2.1) and (2.2).
Let n ∈ N and f 1 , f 2 ,..., f n ∈ F. It follows from the left reversibility of F that there exist g 1 ,g 2 ,...,g n ∈ F with
We last prove that f A = A for all f ∈ F. Let f ∈ F and x ∈ A. For any g ∈ F, there exist a,b ∈ F with f a = gb. Note that x ∈ A ⊆ aX. Thus there is y ∈ X with x = ay. It follows that f x = f ay = gby ∈ gX. This implies that f A ⊆ ∩ g∈F gX = A for f ∈ F. For the reverse inclusion, let f ,g ∈ F and y ∈ A. It follows from y ∈ f gX that there exists x g ∈ gX with f x g = y. The compactness X ensures that there exists a convergent subnet {x gk } of {x g } such that x gk → x for some x ∈ X. The closedness of f implies that y = f x. For any h,g ∈ F with g ≥ h, we obtain that hX is closed and that x g belongs to hX. Thus the limit point x of {x g } lies in hX. That is, x ∈ A. Note that y = f x ∈ f A. Therefore, A ⊆ f A for f ∈ F. This completes the proof. Now, we are ready to prove our main theorems.
Theorem 2.2. Let F and G be left reversible semigroups of closed self-mappings in a compact metric space (X,d). Assume that there exist
for all x, y ∈ X with f x = g y. Then F and G have a unique common fixed point w ∈ X and the point w is also a unique fixed point of F and G, respectively. Moreover, if F (resp., G) is near commutative, then F (resp., G) has diminishing orbital diameters. 
Proof. Let
which is a contradiction. Therefore,
This means that v = w. Hence, F and G have a unique common fixed point w ∈ X and the point w is also a unique fixed point of F and G, respectively. Assume that one of F or G, say F, is near commutative. Let x be in X with δ d (Fx) > 0. So, for any f ,g ∈ F, there exists h ∈ F such that g f = f h. It follows that
It follows from (2.6) and Lemma 2.1 that
which implies that F has diminishing orbital diameters. This completes the proof.
Using the argument above, we can conclude the following two results.
for all x, y ∈ X with f x = g y. Then F has a unique fixed point w ∈ X. Moreover, if F is near commutative, then it has diminishing orbital diameters.
Theorem 2.4. Let F be a left reversible semigroup of closed self-mappings in a compact metric space (X,d). Assume that there exists
for all x, y ∈ X with f x = f y. Then F has a unique fixed point w ∈ X. Moreover, if F is near commutative, then it has diminishing orbital diameters.
for all x, y ∈ X with f p x = f q y. Then f has both a unique fixed point w ∈ X and diminishing orbital diameters.
Proof. Take F = { f n : n ∈ N}. Then F is a commutative semigroup. Obviously, F has a unique fixed point w ∈ X if and only if f has a unique fixed point w ∈ X. Note that for all k ∈ N. By choosing k so large that (m f ) k n f < 1, we infer that δ d ( f k X) < r f . So the mapping f restricted to the set f k X, which maps f k X to itself, is a contraction. Note that f k X is closed. By the Banach contraction theorem, the restricted mapping has a unique fixed point w f ∈ f k X. Obviously, w f is a unique fixed point of f in X. In view of (2.12), we have
for all j ∈ N. Therefore,
which implies that both lim j→∞ f j x = w f and f has diminishing orbital diameters. Let f and g be in F. Then there exist w f ,w g ∈ X such that w f = f w f , w g = gw g , and (2.14) and the following equation hold:
Given j ∈ N, it follows from the left reversibility of F that there are a j ,b j ∈ F with f j a j = g j b j . From (2.14) and (2.15), we infer that 
) is a compact metric space, and f and g are closed. Let F be the semigroup generated by f and g.
Thus F is near commutative, and therefore it is left reversible also. But it is not commutative. Note that ∩ s∈F sX = {0}. It is easy to verify that
for all x, y ∈ X with f x = f y. Hence, F satisfies the conditions of Theorem 2.4 and clearly 0 is the unique fixed point of F.
for all x ∈ X. Then (X,d) is a compact and connected metric space, f g = g f , and any one of f and g is a local contraction. Let F be the semigroup generated by f and g. It is easy to see that every element in F is a local contraction and that F is commutative. It follows from Theorem 2.7 that F has a unique fixed point.
Common fixed points for near-commutative semigroups in complete metric spaces
Lemma 3.1 (see [15] ). If φ is in Φ, then lim n→∞ φ n (t) = 0.
Lemma 3.2 (see [2] ). If φ : R + → R + is an upper semicontinuous function with φ(0) = 0 and φ(t) < t for t > 0, then there exists a strictly increasing continuous function ψ : 
for all x, y ∈ X and p ≥ n f , q ≥ m g . Then F and G have both a unique common fixed point w ∈ X and diminishing orbital diameters. Moreover, for each f ∈ F ∪ G and x ∈ X, the sequence of iterates { f n x} n∈N converges to w.
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Proof. We assert that, for any f ∈ F, g ∈ G, x, y ∈ X, and k ≥ max{n f , m g },
Take u ∈ F f k x and v ∈ Gg k y. Then there are s ∈ F and t ∈ G with u = s f k x and v = tg k y. The near commutativity of F and G ensures that there exist a ∈ F and b ∈ G such that s f k = f k a and tg k = g k b. It follows from (3.1) that
which implies that
for any x, y ∈ X and
. It follows from (3.2), (i), and Lemma 3.1 that
Let n be in N. Then there exist k,r ∈ {0} ∪ N and r < max{n f ,m g } such that n = k max{n f ,m g } + r. In view of (3.5), we have
This implies that
Therefore, F and G have diminishing orbital diameters. Note that { f n+i x} i∈N ⊆ F f n x and {g n+i y} i∈N ⊆ Gg n y. So { f n x} n∈N and {g n y} n∈N are Cauchy sequences. Since (X,d) is complete, { f n x} n∈N and {g n y} n∈N converge to some points w,b ∈ X, respectively. Consequently, w ∈ ∩ n∈N F f n x and b ∈ ∩ n∈N Gg n y. It follows from (3.6) that
That is, w = b. The closedness of f and g implies that w = f w and b = gb. Hence, f and g have a common fixed point w. By arbitrariness of f and g, we conclude that F and G have a common fixed point w.
Suppose that F and G have also a common fixed point v ∈ X. By virtue of (3.1), for any f ∈ F and g ∈ G, we have 9) which implies that w = v. This completes the proof. 
for all x ∈ X and p, q ≥ n f . Then F has both a fixed point in X and diminishing orbital diameters. Moreover, for each f ∈ F and x ∈ X, the sequence of iterates { f n x} n∈N converges to some fixed point of F.
Proof. It follows from (3.10) that (3.1) is satisfied for F = G, x = y, f = g, and n f = m g . Thus Theorem 3.4 follows from Theorem 3.3. This completes the proof. for all x, y ∈ X and p, q ≥ n f . Then F has both a unique common fixed point w ∈ X and diminishing orbital diameters. Moreover, for each f ∈ F and x ∈ X, the sequence of iterates { f n x} n∈N converges to w.
Proof. Note that (3.11) implies that both (3.10) is satisfied and F has at most one fixed point in X. Thus Theorem 3.5 follows from Theorem 3.4. This completes the proof. 
